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Abstract The most common method to determine the coeﬃcient of Smagorinsky model now is to
employ the Germano identity, however it is too complex and expensive in numerical calculation.
In this letter we propose a new dynamic formula for determining the coeﬃcient, which is based
on the Kolmogorov equation of ﬁltered velocity in physical space. The simpliﬁed formula is quite
easy to implement in calculation. It is then veriﬁed in both homogeneous isotropic turbulence
and wall-bounded turbulence by A Priori and A Posteriori tests. c© 2011 The Chinese Society of
Theoretical and Applied Mechanics. [doi:10.1063/2.1103202]
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The large-eddy-simulation (LES) technique of tur-
bulent ﬂows has been developed during the past 40
years, aiming at solving the large-scale structures, with
the eﬀect of the small-scale turbulence modeled by a
certain subgrid-scale (SGS) model. During the various
SGS models which have been developed, the most pop-
ular is the Smagorinsky model.1 This model is based on
eddy-viscosity assumption
τ<ij −
1
3
τ<mmΔij = −2νtS<ij , (1)
in which the superscript < denotes the ﬁlter operator
in LES, τ<ij = (uiuj)
<−u<i u<j is the subgrid stress ten-
sor, S<ij =
1
2
(∂u<i /∂xj + ∂u
<
j /∂xi) is the strain rate of
resolved scale turbulence, and νt is the SGS eddy viscos-
ity. Moreover, the Smagorinsky model simply assumes
that
νt = (CsΔ)
2|S<|, (2)
in which |S<| = (S<ijS<ij )1/2, Δ is the ﬁlter size in physi-
cal space, usually it is the grid size, and Cs is the coeﬃ-
cient to be determined. Early researches considered Cs
as a constant, for example Lilly obtained Cs = 0.17
by using an isotropic energy spectrum,2 Clark used
Cs = 0.2 − 0.22 for a case of isotropic homogeneous
turbulence,3 while Deardoﬀ used Cs = 0.1 for a plane
channel ﬂow.4 However, the constant coeﬃcients are
not appropriate in real LES practice, since in the near-
wall region and transition region it always yields too
large dissipation. Some researchers employed empirical
corrections such as the van-Driest damping function,
to avoid this problem;5 others attempted to introduce
dynamic formulas to represent Cs. The most popular
procedure is applying the Germano identity, which de-
termines the coeﬃcient by two diﬀerent ﬁltering levels.
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This Germano procedure has been proved to have quite
good model behavior in diﬀerent types of turbulence,
however it is too complex to be implemented, and is
too expensive for engineering projects. In this letter,
we employ the Kolmogorov equation of ﬁltered quanti-
ties (KEF) in physical space, and obtain a much simpler
dynamic formula to determine the model coeﬃcient Cs.
The Kolmogorov equation is well known as a basic
relation in homogeneous isotropic turbulence.7 Mene-
veau et al. ﬁrst derived the corresponding formula in
LES, i.e. the KEF,8 and the ﬁrst attempt to employ
KEF in SGS modeling was the CZZS model by Cui et
al..9 We have applied the KEF with the velocity incre-
ment assumption and obtained better results compared
with the Germano procedure.10 In full-developed incom-
pressible homogeneous isotropic turbulence the KEF
can be written as
4
5
〈S<ijτ<ij 〉ξ = D<lll(ξ)− 6Tl,ll, (3)
in which 〈•〉 means ensemble average, ξ is a two-point
distance in the x1 direction, D
<
lll(ξ) = 〈(u<1 (x1 + ξ) −
u<1 (x1))
3〉 is the third-order structure function of ﬁl-
tered velocity, and Tl,ll = 〈u<1 (x1)τ<11(x1 + ξ)〉 is a term
representing energy transfer.
From Smagorinsky model assumptions (1) and (2),
the left-hand side of Eq. (3) becomes
4
5
〈S<ijτ<ij 〉ξ = −
8
5
(CsΔ)
2〈(S<ijS<ij )3/2〉ξ. (4)
The Tl,ll term in the right-hand side of Eq. (3) can be
ﬁnally written as (the process of derivation is similar to
Eq. (2.23) in Ref. 9)
− 6Tl,ll = −12(CsΔ)2|S<|∂D
<
ll (ξ)
∂ξ
, (5)
where D<ll (ξ) = 〈(u<1 (x1 + ξ)− u<1 (x1))2〉 is the second-
order structure function of ﬁltered velocity.
After substituting Eqs. (4) and (5) into Eq. (3),
the coeﬃcient Cs can be solved as
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C2s =
5D<lll(ξ)
−8Δ2〈(S<ijS<ij )3/2〉ξ + 12Δ2|S<|∂D
<
ll (ξ)
∂ξ
. (6)
However, this model is still complicated, and it con-
tains two diﬀerent scales: Δ is the ﬁlter size (normally
it is also the grid size in LES), and ξ is the two-point
distance of the structure functions. In order to simplify
this formula, we consider the case of ξ  Δ. Follow-
ing the conclusion of the appendix of Ref. 10, we have
approximately
D<ll (ξ) ≈ Dll(ξ), D<lll(ξ) ≈ Dlll(ξ), (7)
where Dll and Dlll are structure functions of non-
ﬁltered velocity ﬁelds. The discussion of ξ − Δ can be
found in Ref. 11. When ξ falls in the inertial range, the
classical scaling law7 can then be employed, i.e.
D<ll (ξ) ∝ ξ2/3, D<lll(ξ) ∝ ξ. (8)
Thus the second term in the denominator of Eq. (6)
is of the magnitude of ξ−1/3. Compared with the ﬁrst
term in the denominator which is in direct proportion
to ξ, it can be neglected when ξ  Δ. Also note that
the numerator is of the magnitude of ξ, the same as the
denominator, thus the coeﬃcient Cs should be constant
with ξ varying in the inertial range. This conclusion is
physical since from Eqs. (1) and (2) Cs should be a
function which only depends on Δ but not on ξ.
Consequently, when ξ  Δ and ξ is in the iner-
tial range, the simpliﬁed formula for Cs can be further
simpliﬁed as
C2s =
−5D<lll(ξ)
8Δ2〈(S<ijS<ij )3/2〉ξ
. (9)
Furthermore, if we approximately consider that
〈(S<ijS<ij )3/2〉 ≈ 〈S<ijS<ij 〉3/2, and because in isotropic
turbulence 〈S<ijS<ij 〉 =
15
2
〈S<11S<11〉, Eq. (9) can be
rewritten as
C2s =
−D<lll(ξ)
6
√
30Δ2〈S<11S<11〉3/2ξ
. (10)
Compared with Germano procedure, Eq. (10) is
quite simple because only one ﬁlter is applied, and only
the velocity component in one direction is considered.
In order to evaluate the behavior of this new for-
mula, A Priori numerical tests are performed. Two
DNS cases of homogeneous isotropic turbulence with
spectral method are utilized. The computation domain
has 2563 grid points. The grid size is denoted as h. The
two diﬀerent Reynolds numbers Reλ are 50 and 70. The
compensate energy spectrums of DNS cases are shown
in Fig. 1, where the plateaus represent the inertial sub-
range in spectral space. Although not obvious, the cor-
responding wave number is about 0.1 < kcη < 0.2, i.e.
in physical space it is about 15 < Δ/η < 30, where η is
the Kolmogorov scale.
The simpliﬁed formula (10) is then tested. The ﬁl-
ter scale Δ and the increment distance ξ are selected
independently. The ﬁlter scales are between 1 and 7
Fig. 1. Compensate energy spectrum in homogeneous
isotropic turbulence.
Fig. 2. Dynamic values of the coeﬃcient of Smagorinsky
model. From top to bottom: Δ = h, 2h, · · · , 7h.
times of grid size h. Results are shown in Fig. 2, from
which it can be seen that the values are of the same
magnitude as the classical theory. When Δ is not large
(for instance Δ = 2h) and 15 < ξ < 30 is in the iner-
tial subrange, we could obtain Cs ≈ 0.1 and 0.06, when
Reλ = 50 and 70, respectively. The coeﬃcient values
are approximately constant in this range, which sup-
ports our model conclusion. Both these values could be
applied to numerical simulation. It also shows the trend
that the coeﬃcient value decreases when the ﬁlter size
increases.
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Fig. 3. Dynamic values of the coeﬃcient of Smagorinsky
model, in turbulent Couette ﬂow, Δ = 2h.
Fig. 4. Energy spectrum in decaying isotropic turbulence.
In order to evaluate the behavior of this formula in
wall-bounded turbulence, a DNS case of Couette ﬂow
is employed for A Priori test.12 The grids number is
192× 384× 96 in streamwise, normal and spanwise di-
rections, respectively, and the corresponding computa-
tion domain is 4πH × 2H × 2πH. The pseudo-spectral
method is employed in calculation. The numerical de-
tails can be found in Xu et al..13 The Reynolds number
is ReH = 3 200 based on the bulk velocity Um and half
width of the channel H. The ﬁlter size is selected as 2
times of grid size h, and the two-point distance is se-
lected as 4h. the value of Cs is calculated using Eq. (10)
and is shown in Fig. 3. It is about 0.15 at the center of
channel, which is in good agreement with the classical
conclusions in homogeneous isotropic turbulence. In the
near-wall region the coeﬃcient tends to zero, which is a
quite good behavior similar to the Germano procedure.
Two A Posteriori tests are then performed. Firstly,
we employ the new model in LES of homogeneous
isotropic turbulence. Our LES cases correspond to the
decay turbulence at low Reynolds number, similar to the
results of Comte-Bellot experiment.14 These simulations
are run on 483, 643 and 963 grids, respectively. Spectral
method is applied in these cases. The initial ﬁelds are
ﬁltered from a full-developed forced turbulence. Figure
4 shows the spectrum in comparison with experiment
data (the ﬁlled symbols) at 96 and 172 MHz. All LES
Fig. 5. A Posteriori statistical results of channel ﬂow.
cases are calculated by using Eq. (10), and satisfactory
results are obtained.
Secondly, another attempt is made for Poiseuille
channel ﬂow. The numerical details of this calculation
can be found in Ref. 10. A 64 × 128 × 64 DNS case
is calculated for comparison, while three diﬀerent LES
runs are done on a 32× 48× 32 mesh: the Smagorinsky
models are used with constant coeﬃcient Cs = 0.15,
with Germano identity, and with our new formula (10),
respectively. Note that the grid dependence has been
discussed in Ref. 10, and the current mesh should be
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enough for presenting the model eﬀect. A Posteriori re-
sults are shown in Fig. 5. Clearly, the present formula
is as good as the Germano procedure, which is obvi-
ously better than the constant-coeﬃcient model. We
also found that the calculation time of the new method
is about 1/6 of that of the Germano procedure (by com-
paring only the cost of the SGS modules). This proves
the succuss of the new formula in wall-bounded turbu-
lence.
In conclusion, a new dynamic formula for determin-
ing the coeﬃcient of Smagorinsky model is proposed in
this letter. It is based on the KEF formula in physi-
cal space, and its simpliﬁed form is quite time-saving
in LES calculations compared with the Germano pro-
cedure. This model can be applied when two-point dis-
tance locates in the inertial range. It is then veriﬁed
in homogeneous isotropic turbulence and wall-bounded
turbulence, respectively. The magnitude is compared
with classical results and good agreement is found. A
Priori tests show good near-wall behavior to support
this formula. A Posteriori tests are then performed to
validate this new formula. It acts as good as the Ger-
mano procedure, but the computational cost has been
obviously reduced. This new formula is then expected
to be employed in complex engineering projects.
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